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(3.18.3) Let E be a locally compact metric space. The following properties
are equivalent:

(a)    there exists an increasing sequence (Un) of open relatively compact
sets in E such that Urt c Un+ifor every n, andE = (J Un;

n

(b)    E is a denumerable union of compact subsets;

(c)    E is separable.

It is clear that (a) implies (b), since Un is compact. If E is the union of a
sequence (KB) of compact sets, each subspace Kn is separable (by (3.16.2));
if Dn is an at most denumerable set in Kn, dense with respect to K,,,
then D = (J Dn is at most denumerable, and dense in E, since E =

(J Kn c (J Dn c D; hence (b) implies (c). Let us suppose finally that E

n                  n

is separable, and let (Tn) be an at most denumerable basis for the open
sets of E (see (3.9.4)). For every xeE, there is a compact neighborhood
Wx of *, hence, by (3.9.3), an index n(x) such that x e Tn(x) c Wx. It follows
that those of the Tn which are relatively compact already constitute a basis
for the open sets of E. We can therefore suppose that all the TN are relatively
compact. We then define Un by induction in the following way: Ut = T\, Un+1
is the union of Tn+1 and of Vr(Un), where r > 0 has been taken such that
Vr(UJ is relatively compact (which is possible by (3.18.2)); it is then clear
that the sequence (UM) verifies property (a).

(3.18.4)   In a locally compact metric space E, every open subspace and every
closed subspace is locally compact.

Suppose A is open in E; for every a e E, there is a closed ball W(a; r)
which is compact (from the definition of a locally compact space and
(3.17.3)). On the other hand, there is r'< r such that the ball B'(a;r') is
contained in A; as it is compact by (3.17.3), A is locally compact.

Suppose A is closed in E, and let a e A; then, if V is a compact neigh-
borhood of a in E, V n A is a neighborhood of a in A by (3.10.4), and is
compact by (3.17.3); this proves A is locally compact.

PROBLEMS

1.    If A is a locally compact subspace of a metric space E, show that A is locally closed
(Section 3.10, Problem 3) in E. The converse is true if E is locally compact (use (3.18.4)).

2.    (a)   Show that in a locally compact metric space, the intersection of two locally com-
pact subspaces is locally compact (cf. Problem 1),m-
